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For the second equation 2°-3"+1=0, œ denoting as 
before, the roots are 


a=a' to’, whence a’ =w? + w +2, =2 +0, 


b=o' tow, » =w to t2, =2+4, 


c=a' +o, T =w pho, =2 b. 
The equation g — 5a +6z—1=0, which, writing therein 
æ +2 for x, gives z” + z” — 2% — 1 = 0 is considered in Hermite’s 
Cours d’ Analyse, Paris 1873, p. 12, and this suggested to me 
the foregoing investigation. 


NOTE ON MR. KLEIBER’S FUNCTIONS K, AND G., 


By J. W. L. Glaisher. 


§1. Tue expansions of K and G@ in ascending powers 
of hk’ — h given by Mr. Kleiber in § 29 of his paper, (pp. 29, 30 
of this volume) do not agree with those given in Vol. XIX., 
pp. 146-150 (February, 1890), and it is easy to see that the 
former are incorrect. I proceed therefore to ee the 
expansions of K, and G, in powers of W — A. 


The function K, §§ 2-6. 


§ 2. Mr. Kleiber’s identification of K and W with P , 
and P i in § 11 (pp. 10, 11) is not very precise; but we may 
regard K, as defined by equation (146), p. 27, viz. 


A a Ea p CEEE CENE 
T A L rie A 12,3" hp ge 


We know also that K, satisfies the differential equation 
(115), viz. 


tO + mZ Dua 0; 


and we have also 


K, =K and K =2W=14 E£. 
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These latter results may be easily proved by putting 7=0 
and ¢=1 in the series for K,; we thus find 


2K, 132 
T 


a 12 Mais 8 
SG =ltphtaph taro + &e.,, 


2K. Legs) mal gel a4 kE 
eh T Pa age a. 


and these series are the values of 2K and aeg respectively. 


§ 3. Proceeding now to the expansion of K, in powers 
of \=h’—h (denoted by Mr. Kleiber by x), we see tbat K, 
satisfies the differential equation 


d'u dus 7s 
(1-2!) a — 2A + —i)u=0. 


This is Legendre’s equation, and we know that it is 
satisfied by the two series 


re TAS EYELE Y. A(t- 2E (i8 
Apr P Ey EDEA CDEC i to, 
and 
,2_ 9 29 r3 ,2_9 2 9 Noles d 
je er STR EDLO P) C pa t XG Dan &e, 
3! 5! ra 
These are distinct solutions of the differential equation ; 
and we notice that neither of the series terminates where ¢ is 
an integer, as is supposed to be the case. 
We may put therefore 


K,=4,A,+ 6B, 
where a, and b; are constants. 


§ 4. To determine a, we may put h=2’; then A=0 and 
h=4. We thus find 


op CCD C-pe- pea 
ea gt ae Ba a 
Similarly, by differentiating the relation K,=a,A4;+ 6,B, 
with respect to 4 or A, and putting A=A’, we find 

25, $1 CDEP) | CDE DE-*) 
Peo se es N 1°,2°.3 


‘Thus the values of a, and b, are determined in the form of 
weries, 


1 
gu ~ Xe. 


www.rcin.org.pl 


DR. GLAISHER, MR. KLEIBER’S FUNCTIONS I, AND G, 73 


§ 5. Putting 7=0, we have therefore 
K=a,A,+ 6B, 


Pea Lag aie ., 
afi+ oa “+ ga68 obon T © 


St ago 7 ee E 
+4, p+ sag teess * F4..127 N4 ge, 
VL a | 1.885" 1 
22° a4" a? © 27,476" 2 
25 V1 Va Usel g 
mo PrE Sa” Rae FO 
Denoting by K° and Q’ the values of K and G when 
r~=0 (that is to say when the modulus is 5) , it is evident 
0 


where eos 1+ + &e, 


aes 2 Ae 
that the first series is equal to ie and it is easy to prove 
that the second series is equal to — PE, for 


24 4h dK fE, 22 Daa: 
Zm Pais ott yas 


= ar i? +e.) 


which, when h=h’= 7 becomes identical with the above 
series for — 2, “ 

Thus a, =k and 6,=— @, and we may write the result 
in the form 


Kago? X ias TL, &e. 
{ toa +oae8* t 24681012" t 
eee eee eis : 
pitts appa Ty 


which is the same as the expansion given on p. 147 of 
Vol. x1x. 


§6 Putting 7=1, we have 
E,=a,4,+ bB, 


i ete Dh 
safi- SN- gn- Sad — x -&e 


34 ~ ~ 94.6.8 ~ 24.6.8.10.12 

1.5, 159 .,. 12.5498 
eae! 

HLN t 9460.5* t 24,..12.7 


+b, {r+ n+ el, 
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2 2b 4 
where ` and = are the values of the series 


1.3 173.53, DeSs Ones 
beng Boggs © ge eS 
148 Visdid TaT ) 
and il} S ht—ae h Grr 
when % is put equal to 4. 
à BE i 2(74+ EF) 
The former of these series is equal to aa and the 


latter (which is equal to the derivative of the former with 
respect to A multiplied by — 4) 
aye d 2 fit 2([+ D) _ BS 5 
č ah Ah) ` 
Putting A=4, we — (since P= @ -45°, 
EP =@ +45), 


2a, 4G bE 
we ArT 
giving a=2@, b54. 
Thus we have finally 
3 skou n LI 
= o en Y E ey ps ee A. 
K=20 fı RAE LN &e.} 
i ate T 
+K fina Se ae ea to? 


which, since K, =+ Æ, is the same as the result given on 
p. 150 of Vol. XIX. 


The function G, §§ 7, 8. 
§7. Mr. Kleiber’s functions K, and G, are connected by 


the relations 
_ 2hh’ dK, < dG,» 
a ot+1 dh? C aa 


* In equations (117) and (118) on p. 23, Mr. Kleiber has written these relations 


dK; Bit dG. s 

= gr % Tr = = (2i — 1) Ky 
i.e, a ? is omitted in both. Jt was clearly a intention that they should be as in 
the text, since when i = 0, A, und Gi are to become A aud G. 
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Thus we may sas G, by the series 
2G, i a >, @-3) @-%) 
eG) -iie Re 
zr dC aar AA Lk DAT }. 
UE l+ &e. 
The function G, satisfies the differential equation 
o t u E 
hh ae t © -ł4)u=0, 
and we have also 
Gj=G, G,=4(WI-hE). 
These latter results may be proved as follows. Putting 


¢=0 and ¢=1 in the series for ao, we find 


BO as te ee ay det 
wa at res tee ea i+ &} 
and 
24, LP ee Veh Doge LPL EJ 
ad fa- a9" ona3" or aena A eh 


The former series is the development of B, so that 
G.= G. 


° T'o determine the value of the latter series we find, by 


multiplying the known series for = and = by A and hk’ 


respectively, 

RE .., 1, Sree 

oF TW +S pit eee ripp ée} 

2K I A T E ET . 

ia (staat gare tor gigi g P+ Ey; 
whence 
2(ŁE-KI) ,_,(8 1.3.5 eent o ph Ga 
eM er t pea peaa Sj? 

a ee a a 
=m -RIP > ae aa fe}, 


ou multiplying the series by h’=1 — h. 
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Thus 


2G,__ , 2(hE-WD) 
A oP 


G,= | (WT- hE). 


8. The values of G and G, may of course be readily 
deduced from the relation 


giving 


evga 
+ 41l dh? 
for, using this formula, we have 
aK 


G = 2hh’ Th =G, 
_2hk dK, _ 2hh’ d(I+ E) 


oa C= Gea a 
Qhh (lI E , 
-2y fa ap) 73 OF BE) 
as before. 


The quantity hE — h’I was denoted by Mr. Kleiber by Æ, 
so that G,=—-1H. Mr. Kleiber has pointed out that the 
functions W =4 (7+ E) and H are connected by reciprocal 
relations, which may be written 


dW dil 
ae ee run d piles 
H=- shh Th? H b 
Expansion of G, in powers of ^, §§ 9—12. 

§9. The differential equation with respect to A, which is 

satisfied by G, is 
d'u 
2 rr) E 
(1-3) tC =) u= 0, 


and we have 
G, = aX, + B.Y;; 


where 
ae Oe ao C "a ON 
TE + i a- EEEE n 


* The series for R, in equation (159), p. 29, should be 


Hate (PEN) sap othe #8) a le IN) me ae 
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Beet es (Pama, 62) (0 AEE 
o 31 aE EE ibe. 


and a, and 8, are constants, whose values are given by the 
formule 


2a, -4,, (?— 4) (@” 2) 7s 
o- (i- Dh- hey 8) (t= 2) ps_ ge, 


rst 
pa-p f- ERED an, 


when A is put equal to 3. 
§10. For ¿= 0, we have 
2a, _ Spe s 
2 = siira itas gite, 


28, 


5 = Hirk inte 


= ae tée, 


when / is put equal to 4. 
The former series is the development of = and the latter 


is equal to — 4 =i so that, putting 4 =4, we Phire 


a= G, B, FF 1K, 


giving 

G= leg x n tg tée) 
Ata” EIN ta T~ te, 

that is 

ce Pit Nt ta~t E n+ &e} 


5° 1°75".9" 
jae mini x NY & 2 
-im fja taa™t o VIR S et 
which is the formula given on p, 148 of Vol, XIX. 


§ 11. Similarly putting 7=1, we have 
G, = aX, $ B, Yi; 
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where 
i 3 EY 335 L. NETES SR 
4,-l- 3N aaas > aasan 
3 2 2 
; 32.77.11 
S ANR T yo STN a go, 


Aa OTLET 24.0127 


and a, and 8, are given by the equations 
2a 1.3 1558.6 
Si a= i fia > 
i fa Tor ae Or te o} ' 


2B, _ 13, 35 ps 
B= Hi- p h- GaSe, 


when & is put equal to 4. 


The former series Se by § 7, and the latter, 
which is the derivative of the ‘Stee: with respect to h 
Cee E) 
multiplied by — 4, is equal to 4 : 
Thus, putting 2= 34, 
ee ee 
T AE a A 
giving a=-}4K', B,=}@, 
whence we find 
P E E RAE AAT 
pma fı a. A 54.48" Tin 
T° FA TE eee 
+3 ia- 243" aneso Taa I 
that is 
3 3 p? 
” a-k f!_ 1 Tg 6 ee 
' (8 24° (24.68 2.4.2.2 
1.579.183, 
= ae - 
I Sg Oe Mun bi 
j o fia- sagt jae aT T a 


It will be remembered (§ 8) that G, =} WI- -hE)=- 4H. 
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§12. The above expansion of G, may also be readily 
obtained by deducing it from the expansion of K, in §6 by 
means of the formula 

yaa 12% aK, 
ee aa Coe 

Similarly we may deduce the expansion of K, from that 
of G, by the formula 


ad, 


K,=4-7 . 


General values of the constants in the expansions of K, and Gp 
§§ 13, 14. 


§13. Denoting the values of K, and G, when & is put 
equal to 4 by K; and G, we can show that, in general, 


K,=K°A,-(21+1) G!B, 
and G,= G2X,+4(2i-1) KP? Y, 


To prove the first of these results, we see that, by putting 
A =0 in the equation 
K, = aA, ay bBy 


we have at once a,= K; ; and by differentiating with respect 
to à and putting A= 0, we find 


ce (Fee 


1- dK, 


Now G, i 241 an ’ 
whence, putting A=0, 
pe le (K) 
$ 204+ 1 \ dA Jaa 
and therefore b=- (2i+1) G. 


Treating in a similar manner the equation 
G, =a, X,+ p; Ya 
we have q, = G’, and 


B- (aR), gtd GID Ki, 


since Ma — Ses 
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§14. Applying the general formule to the cases ¿=0 and 


i=1, we fin 
K=K°A,- @B,, 
G=G@X,- 4K Y; 
agreeing with the results in §§ 5 and 10, 
and KEKA SGB, 
G, = GX, y 4K, Yi 
agreeing with the results in §§ 6 and 11, since 
K =(L+ EY =2G4", 
and GP=}h (AI- hE) =—-}RK’. 


Values of the single series, §§ 15-17. 


§ 15. It will be seen that in § 29 of this paper (pp.28—30), 
Mr. Kleiber has only taken account of one of the two series 
which are involved in the expansions of K, and G, in powers 
of À. 

From > 148 of Vol. XIX., we see that 


jag: 17.5.9? K'+K 
xr 4 6 m 
1+ ATT T + 34...19 Nt 60, m IKL 3 
lag G’-—G 
PN A 5 = 
and pte? talca t & wo? 


so that the values of the series in equations (164) and (167) 
7 - 


of Mr. Kleiber’s paper should be a and aa instead 


§ 16. Putting x= 3A 80 that h=4—z and h’'=$+z2, it 


is evident that we obtain as the value of the series 
1°... 2B cee 

M & 
Ean Ai er od Sie 6! at Coy 


1° 1? 5" ES K? Fi 
51” D Tiai 


the respective quantities 


E WG+D)+ KNO- 
2% (a) 


T +C 


and £+ 
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G WGO) — G WG- 
i 


«(q) j 


where K (p) is used to denote the value of Æ when the 
modulus is p. 


§17. In the paper in Vol. x1. the series for K and G 
were derived from the expansion of a definite integral. No 
doubt the simplest way of obtaining these results would be 
to derive the series for @ from the differential equation 

a d'u 

(AD 

which is satisfied by it, and to deduce the series for K from 
that for G by means of the relation 


and 


—44=0, 


Series for W and H, § 18. 


§18. The expansions of W and H in powers of A are 
respectively 


3 i ME ei 
ie Oo o pey oe 
l Aa o &o) 


1 1°58 17,5%.9 
ee AOE iy Se We, 
2 13 a *Gae6.10" (SP 
and 


11 1.5 1.5%.9 
LE BIR Ae ce Sy EN gate 100 
2 l Aa ‘ 


Teea) 
whence it follows that 
e L Er ser 
Sarei Te OT Er, 
“Scr dar a A Aaa ae 
o seen ane oe 


The above series for W and W+ W’ were given on p. 150 
of Vol. xIx. 


VOL. Serr G 


xX \\ 
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The functions E, and 1, § 19. 


§ 19. I have not worked out the corresponding formule 
for Æ, and J,, which are considered by Mr. Kleiber in his 


paper. The series for = and = in equations (170) and (171) 


are obviously incorrect, and it would seem that they do not, 
as in the case of equations (164) and (167), form part of the 
required expansions.* The formule (168) and (169) are 
therefore also inaccurate. It may be added that the relations 
(123) and (124) need some modification, as when 7=0, they 
are intended to reduce to 


ai, I Gf 
dh Lh Gime ities 
It should be stated that Mr. Kleiber’s paper was not put 
into type until after his death, so that he did not see any part 
of it in print. The paper has been printed from the manu- 
script without alteration, except that slips of the pen, when 
noticed, were corrected. 


NOTE ON 
A PROBLEM IN THE THEORY OF NUMBERS. 


By W. W. Rouse Bail. 


THE elegant theorem on the resolution of numbers of 
a certain form into factors, which was given by Mr. Birch in 
the number of the Messenger for August (pp. 52—55), may be 
applied to determine the factors of the number 100895598169. 

The partition of this number was proposed to Fermat by 
Mersenne; and, in a letter dated April 7, 1643, Fermat wrote to 
Mersenne, “ Vous me demandez si le nombre 100895598169 est 
premier ou non, et une méthode pour découvrir dans]’espace d'un 
jour s'il est premier ou compose. A cette question, je réponds 
que ce nombre est composé et se fait du produit de ces deux: 
898423 et 112303, qui sont premiers.” The discovery of the 
method by which Fermat arrived at this result has been one 
of the puzzles of higher arithmetic. 

Mr. Birch’s theorem on the factors of a number N depends 
on the proposition that, if numbers z and y (such that N>x>y) 
can be found to satisfy the equation 


æ= Ny +1, 


* The serics for E and 7 were given on p. 149 of Vol, XX1. 
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